The entanglement dynamics of two remote qubits is examined analytically. The qubits interact arbitrarily strongly with separate harmonic oscillators in the idealized degenerate limit of the JaynesCummings Hamiltonian. In contrast to well known non-degenerate RWA results, it is shown that ideally degenerate qubits cannot induce bipartite entanglement between their partner oscillators.
I. INTRODUCTION
Entanglement is considered a necessary resource for many of the algorithms proposed for quantum computation and communication [1] . Over the course of the last decade there has been a growing interest in finding ways to quantify [2] , manipulate, and control [3] the initial entanglement shared by different parties when they come in contact with different local [4] and non-local [5] [6] [7] [8] [9] [10] environments. For two remote systems coming in contact with two uncorrelated reservoirs, typically the initial entanglement between the two systems ultimately ends up as a bipartite entanglement between the two reservoirs [11] . For the single mode environments, however, the entanglement dynamics depends strongly on the initial state of the two environments and the interaction between each system and the corresponding environment [6, 12] .
In many of the previous investigations the JaynesCummings (JC) model [13] has been invoked to describe the interaction between each party, described as qubits, and the corresponding environment, modeled by a harmonic oscillator. The JC Hamiltonian reads
where σ z and σ x are Pauli matrices and a and a † are the usual ladder operators. The model has been used extensively to describe the interaction between an atom and a single mode of a cavity in quantum optics [13, 14] . In the studies of strong light-matter interaction and/or in the search for potential quantum computation and quantum information applications, the model has also been invoked to describe the interaction between a Cooper pair box with a nanomechanical resonator [15] or with a transmission line resonator [16, 17] , etc. In quantum optics, typically, the nearly resonant (|ω − ω 0 | ω + ω 0 ) and weak coupling (λ ω, ω 0 ) conditions apply and the rotating wave approximation (RWA) is valid [13, 14] . Yet with the advent of circuit QED it has become feasible experimentally to explore regimes of the model where the dynamics is not well described within the RWA [18] [19] [20] . * hashemi@pas.rochester.edu
There have already been many investigations exploring analytically and/or numerically the local dynamics of the model beyond the RWA [21] [22] [23] [24] [25] [26] [27] [28] . Some of the developed techniques deal with nearly resonant but strong couplings [23] [24] [25] and some deal with highly detuned and/or strong coupling scenarios [26] [27] [28] . Remote entanglement dynamics beyond the RWA has also been the subject of a recent note by Chen et al. [29] . They focused on the nearly resonant and strong coupling scenario. In this note we present exact analytic formulas for the entanglement dynamics, beyond the RWA, in the far from resonance regime of the model where the qubits are degenerate (ω 0 = 0). A study of the dynamics of a degenerate qubit interacting with a classical field, and a discussion of a physical system which can be treated as a degenerate qubit, has been given by Shakov and McGuire [30] .
In Fig. 1 we present a schematic comparison of the energy levels of the qubit and the harmonic oscillator in both RWA and near-degenerate regimes. The system we study consists of two non-communicating subsystems. Each subsystem itself consists of a qubit that interacts with a partner harmonic oscillator. From now on we refer to the harmonic oscillators as the fields.
The structure of the current note is as follows. In section II we briefly examine the JC Hamiltonian in the degenerate regime. Section III is devoted to the dynamics of a single qubit and a single harmonic oscillator in the degenerate regime where we completely avoid the RWA.
In section IV we focus on a certain class of initial states to study the entanglement dynamics of two remote initially entangled qubits in the degenerate regime. The effect of different initial fields as well as the effect of coupling strength on the bipartite entanglement in the degenerate regime is studied. Intuitively we may think that when two separable fields come in contact with remote entangled qubits, some of the coherence between the two qubits gets transferred to the fields and they develop bipartite entanglement [31] . We show that in the degenerate regime two initially separable fields do not develop bipartite entanglement.
Here we focus on the dynamics of a single degenerate qubit interacting with a single harmonic oscillator. This is to emphasize that some of the features of the entanglement dynamics are generic consequences of the degenerate regime and not the specific setup we focus on next. The qubit and the field are assumed to be initially separable i.e. ρ QF (0) = Q ⊗ F where Q and F denote the qubit and field states respectively. Here we focus on the reduced density matrix of the qubit alone, Q(t) = T r F [ρ QF (t)], and ask how its matrix elements evolve in time. With a generic initial atomic state, the qubit density matrix can be written as
As mentioned in the previous section [σ x , H] = 0 and thus one can conclude that Q ↑↑ (t) = ↑ |Q(t)| ↑ = Q ↑↑ and Q ↓↓ (t) = ↓ |Q(t)| ↓ = Q ↓↓ and only Q ↑↓ (t) and Q ↓↑ (t) have nontrivial dynamics. Furthermore we know that Q ↑↓ (t) = Q ↓↑ (t)
* . The only contributing term to Q ↑↓ (t) = ↑ |Q(t)| ↓ comes from the propagation of the third term in Eq. (5):
where U = e −iHt/ is the propagator. In Appendix A we have worked out the dynamics when the field was initially in a coherent state and the qubit is initially in either | ↑ or | ↓ . Thus, here we can invoke a diagonal coherent state representation of the field and the result of Appendix A to find Q ↑↓ (t). By employing the GlauberSudarshan representation [32, 33] :
one can rewrite Q ↑↓ (t) as the following:
In Appendix A it is shown that:
where
The factor γ(t) is a complex number that follows a circle around −1 in the complex plane. The field components of the above evolved states are coherent states. In deriving these relations we assumed β to be real. Using identities in Eq. (8) one can show that The integral in Eq. (11) is a two dimensional Fourier transform of P . So for each initial field, one needs to use its corresponding P representation and calculate its two dimensional Fourier transform and hence Q(t). In Eq. (11) all time dependences are captured in terms of γ(t) and γ * (t). This guarantees that irrespective of the initial state the value of Eq. (11) is a periodic function with the period T = 2π/ω. The periodic dynamics is a manifestation of the fact that, in the degenerate regime, the JC Hamiltonian becomes a doubly degenerate harmonic oscillator. Furthermore, the periodic modulating factor, exp(−2β 2 |γ(t)| 2 ), is present irrespective of the initial field state. In Fig. 2 we have plotted the evolution of this factor for different values of β. This factor comes from the inner product between two coherent states in Eq.(10). These two coherent states came from the evolution of | ↑, α and | ↓, α . The average complex excitation amplitudes of these two coherent states are α initially. As time increases these average excitation amplitudes follow two different circles in the complex plane and if β 0.75 these coherent states become effectively orthogonal to each other and their inner product becomes much smaller than 1. At t = 2π/ω the average excitation amplitudes become α again and that is when the modulating factor becomes 1. The periodic damping in the modulating envelope ( Fig.2) is a manifestation of this effective orthogonality.
IV. ENTANGLEMENT DYNAMICS
The system we choose to study consists of two noncommunicating subsystems, labeled as Aa and Bb. Each subsystem itself consists of a qubit, labeled as A and B, each interacts with a partner field, labeled as a and b. In figure Fig. 3 we show a schematic representation of the setup whose entanglement dynamics we seek to analyze. A particular point for attention is whether the initial entanglement shared between two remote systems dies out in a finite period of time, a phenomenon called early stage disentanglement or entanglement sudden death (ESD) [34] . There is no interaction between remote parties. Two qubits are assumed to be initially maximally entangled and the fields are in individual separable states.
The Hamiltonian of the system can be written as the sum of the Hamiltonians of each subsystem. The Hamiltonian of each subsystem is a JC Hamiltonian in the degenerate regime:
Two qubits, A and B, are assumed to be initially maximally entangled and separable from the fields. After t = 0 each qubit interacts with its partner field. The initial qubit states under consideration are
These are the maximally entangled Bell states that were invoked in previous investigations [6, 31] for a similar scenario in the RWA regime [6] . Two other Bell states
are not considered separately since in the degenerate regime there is no difference between the entanglement dynamics of |Φ ± and |Ψ ± . To see the reason for this note that
where we used the fact that [σ (1) , H] = 0 and |Λ a , Λ b can be any combination of initial pure field states. Thus, there is a local unitary transformation that brings the state that is produced by the initial state |Φ ± to the state that is the result of the propagation of |Ψ ± . This means that these two states have the same entanglement [2] . This result can be readily generalized for all initial states. Throughout this section, where it is needed to quantify entanglement, we take advantage of Wootters concurrence [35] as is already used in the RWA regime [6] .
To find the reduced density matrix of two qubits, Q ± (t), one can generalize the technique we employed in the previous section. We assume that at t = 0 the qubits are entangled with each other but are separable from the fields and furthermore, two fields are initially separable too. Thus, the density matrix of the system can be written as
If we use the | ↑↑ ,| ↑↓ , | ↓↑ and | ↓↓ basis, the diagonal terms of Q ± (t) remain constant. In Q + (t) the only non-vanishing off-diagonal elements are Q + ↑↑,↓↓ (t) and its conjugate. In Q − (t), however, the only non-vanishing offdiagonal elements are Q − ↑↓,↓,↑ (t) and its conjugate. Here, for simplicity, we assume the initial fields are identical. If the P representation of the initial fields is P (α), then it can be shown that
Now for each choice of initial field one can evaluate the integral and through it find Q(t). For the above initial conditions, the concurrence also takes a very simple form:
The fact that concurrence depends only on the absolute value of Q + ↑↑,↓↓ (t) guarantees that the evolution of concurrence is the same for |Φ ± states. For simplicity from now on we drop the subscript AB and superscripts ± and focus only on the state |Φ + .
Coherent states: We assume two fields are initially in identical coherent states |α 0 . The initial state of the whole system then reads
In the degenerate regime the off-diagonal term, Q ↑↑,↓↓ (t), reads
Thus, α 0 only appears in a phase and this means the average excitation number of a coherent state does not have any effect on the concurrence. Thus, in the degenerate regime, the concurrence between two qubits that are coming in contact with two coherent fields, C coh (t), is the same as two qubits interacting with two initial vacuum fields. In Fig. 4 (left panel), we present the evolution of concurrence between qubits for a coherent state. As β increases, the minimum of the concurrence decreases, but the change of α 0 does not have any effect on the concurrence. At ωt = 2kπ, where k is a natural number, γ(t) = 0 and the initial entanglement revives completely. This is a result of harmonic oscillation in the dynamics and independent of the initial state.
Number states: Next we focus on the initial fields being number states. Here also for simplicity we assume both initial fields are identical and the initial state is
To derive the entanglement dynamics in the degenerate regime one can use the P representation of a number state [36] :
and evaluate the integral in Eq. (17) . It can be shown that
where L N is a Laguerre polynomial. In Fig. 4 (middle column) we plotted C N (t) for different values of N . The complete restoration of the entanglement is again a signature of the harmonic oscillatior dynamics. As β increases, 4β 2 |γ(t)| 2 reaches more zeros of L N in a period of oscillation and thus concurrence vanishes momentarily at more points of time. L N has only N roots and thus the number of moments at which concurrence vanishes is at most 2N . As N increases, the two qubits spend less time remaining maximally entangled. Thus, for a thermal field which is a mixture of Fock states one would also expect the temporal width of the restoration to decrease as the average excitation number of the two fields increases.
Thermal states: In this section we assume that two fields are initially in identical thermal states. Thermal environments are typically associated with the loss of coherence in the system when it comes in contact with the environment. However, due to the harmonic nature of the degenerate regime we do expect a complete restoration of the concurrence when γ(t) = 0. To study the entanglement dynamics in the degenerate regime we can invoke the P representation of a thermal field [36] :
The integral in Eq.(17) becomes a Gaussian integral. For two initially identical fields with average excitationn, the concurrence between two qubits in the degenerate regime is given by As argued before, by increasing the average excitation number of thermal fields the temporal width of the restoration period decreases. This can also be understood in terms of coherent states. To the off-diagonal elements of the density matrix of two qubits, each coherent state contributes a specific phase exp(8iβIm[αγ * (t)]). Asn increases the width of the Gaussian in the complex plane increases and more α's contribute significantly to the integral in Eq. (17) . This leads to a faster collapse of C th (t) as γ(t) becomes non-zero. In other words as a Gaussian broadens in the α domain, its Fourier transform becomes narrower. From Eq.(17) one can conclude that the effect of the average excitation number in the thermal field is the same as to enhance the coupling β. In Fig. 4 (right column) C th (t) is presented for different values ofn. It is interesting that for a weak coupling and far from the resonance if the fields are thermally excited enough, i.e. 8nβ 2 1, then the fields effect both the local-coherences and entanglement between two qubits considerably in a short time.
For all the initial states we studied so far, the concurrence is an explicit function of 4β 2 |γ(t)| 2 . This control quantity is a periodic function in time and it also depends explicitly on β. Our treatment of the degenerate regime does not impose any constraint on the value of β. Here we fix a time and study the effect of the coupling strength on the concurrence. We study the effect of β at time t = π ω , when the control quantity, 4β 2 |γ(t)| 2 , takes its maximum value 16β 2 . One can show that at t = π ω
In Fig. 5 we plot the concurrence at t = π ω versus β. As β increases the concurrence decreases exponentially. The initial excitation in coherent states, (top panel), does not effect the concurrence. In the middle panel we plot the concurrence for the number state fields. The effect of the number state excitation is captured in the Laguerre polynomial modulation of the exponential decay. As we see in the bottom panel, increasing the average excitation number in thermal fields enhances the exponential decrease of the concurrence.
Next we focus on the phenomenon of ESD [34] . From Eq.(21) one sees that C th (t) > 0, so irrespective of how strong the coupling is, ESD does not happen in the degenerate regime. Increasing the coupling strength only decreases the minimum of the entanglement. It shall be pointed out that this is an artifact of the initial qubit state that was chosen and is not a generic property of the degenerate regime. The reason that this initial state does not show ESD is that in the basis | ↑↑ ,| ↑↓ , | ↓↑ and | ↓↓ , two of the diagonal terms of the density matrix Q(t) are zero. Thus to have ESD the off-diagonal element, Q ↑↑,↓↓ (t), should vanish for a finite time interval, but this element does not vanish.
In Fig. 6 , along with C th (t) for |Φ + , we also plot C th (t) when the qubits share the initial state
For this initial state, if β is big enough, two qubits become disentangled for a finite period of time and thus ESD happens. So far we studied the evolution of the bipartite entanglement between two qubits and focused on the effect of the local environments on C(t). The question that arises is how does the this entanglement get transferred between the different parties involved? In the RWA regime, the question is answered for the case when the initial fields are in the vacuum [31] . They showed that after t = 0 the interaction between each qubit and the corresponding field leads to the development of non-local bipartite entanglement between two non-local fields. In what follows we show that in the degenerate regime, irrespective to how strong the coupling is, and what the initial fields are, the two initially separable non-local fields do not develop bipartite entanglement.
To this end, assume the initial fields to be two vacuum fields so that the initial state of the system reads
After t = 0, each qubit interacts with the corresponding field. Therefore at t > 0 the state of the system is given by
where | ± β(t) are coherent states and β(t) = β(e −iωt − 1) = βγ * (t). For the above state if two qubits are traced out, the reduced density matrix of the two fields is separable. In other words at any moment an observer can measure the state of the qubits in the basis | ↑↑ , | ↑↓ , | ↓↑ and | ↓↓ and by knowing the result one can also tell the state of each field. One can readily generalize the above result to any initial state for which the fields are separable from each other and from the qubits.
The question that remains is the destination of initial entanglement. To where is it transferred? For the initial condition we studied above, if the coupling is strong enough such that β(t)| − β(t) ≈ 0, then the initial bipartite entanglement between two qubits becomes a pure 4-partite entanglement between all the parties involved and there remains no bipartite entanglement in the system.
V. CONCLUSION
In this report we studied the excitation exchange and entanglement dynamics in the Jaynes-Cummings model far from the RWA regime. In the degenerate regime, the dynamics can be understood as displaced harmonic oscillations of the field around a center that depends on the qubit state. This leads to complete restoration of coherences irrespective of the initial state.
We also invoked a previously studied model [31] and studied the entanglement dynamics for two remote qubits that are interacting with two local environments in the degenerate regime. We assumed that initially the qubits are separable from the environments and of all initial qubit states we chose to focus on the Bell states. It was shown that |Ψ ± has the same entanglement dynamics as |Φ ± . Different choices of single mode environments were examined. We showed that the effect of all coherent states on the concurrence is the same as the effect of the vacuum state and initial excitation in a coherent state does not have any effect on the bipartite entanglement between two qubits. In cases of number state and thermal fields the initial excitation of the fields does effect the evolution of concurrence between two qubits. In the case of thermal fields, the effect can be captured as an enhancement of the coupling between each qubit and the corresponding field. The fact that a highly excited thermal field can, in a short time, affect the local and non-local coherences of a degenerate off-resonance qubit that is weakly coupled to it and a highly excited coherent state can not, is of importance.
In another sharp contrast to the previously studied scenario [31] , it was shown that no bipartite entanglement can be induced between two remote fields using the initial entanglement between two qubits in degenerate regime. This raises a question about the quasi-degenerate regime that remains to be considered for future investigation. The question is, for the regime where the degeneracy of the qubits is broken with a small splitting ω o ω, λ, can the initial entanglement between two qubits induce a non-zero bipartite entanglement between two fields. If yes, then is there a limit on the amount of this induced entanglement or not, and in what time scale does the entanglement get transferred? Finally, for the initial state that we examined, all the initial entanglement transformed to a 4-partite entanglement between all parties involved. The presented scenario can also be thought of as a scenario to produce pure 4-partite entanglement which is potentially useful in the studies of multi-partite entanglement.
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VII. APPENDIX A
In this section we prove the equation 8. We are interested in finding the evolution of | ↑, α . Note that
